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Two black hole holography, lensing, and intensity
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We numerically verify the analysis of the “expanding horizon” theory of Susskind in relation to the
't Hooft holographic conjecture. By using a numerical simulation to work out the holographic image formed by
two black holes upon a screen very far away, it is seen that it is impossible for a horizon to hide behind another.
We also compute the holographic intensity distribution of such an arrangement.
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I. INTRODUCTION II. SINGLE BLACK HOLE

In 1993 't Hooft made the surprising announcement that o _ A Caleulation of OTblts )
the world had one less dimension than previously believed Beginning with the Schwarzschild black hole metric nor-
[1]. This was based on the number of degrees of freedom ifalized tor =1 at the horizon,
a given region of space, being found not to depend on the 1 2
volume, as might be naively expected, but rather on the sur- ds?= ( 1—— —r2d#?—r?sir? od¢?,
face area containing the volume. Furthermore, this conclu- r 1-1k 57
sion connected with one of the few nontrivial combinations 20
of gravity and quantum field theory, the entropy content of athe null geodesic equation can be put into the form (
black hole[2]. 't Hooft went on to claim that this idea of =1/r)
dimensional reduction, or “holography,” would need to be

dt’—

present in any unifying theory. ds
At the time of 't Hooft's hypothesis string theory was not d¢= \/ﬁz—(l—s) (2.2

yet understood at a level that such a claim could be tested in

that area(indeed, Maldacena later found precisely this fea-yherep is the impact parameter anflis the azimuthal angle
ture [4]). Susskind was able to show that this claim had;, he plane of our choosing. It is most useful to do the
validity in general relativity[3]; if it was true that the en- integration “backward,” in the sense that we begin at the
tropy density of a surface was maximal on that bounding &creen and track the geodesic until it has hit the horizon or
black hole, then this area must expand when projected ontogys deflected away from the black hole. We will first work
screen far away. In this computation we count only the geogt the case where the geodesic hits the horizon, then calcu-

desics orthogonal to the screen, since we are not allowed anye the case where it deflects off one black hole to hit an-
information which may depend on the screen’s position; gner.

geodesic which is nonperpendicular to the screen will inter- Integrating fromr == to r =1 meanss goes from 0 to 1.
sect in different locations depending on the screen’s positionUSmg the photon’s incoming line of flightEig. 1) to define
This “expanding horizon” theory of Susskind was explicitly $=0, we get

verified by Corley and Jacobs§8] for the single black hole

case. But another observation of Susskind’s was that the in- 1 ds
formation in a second black hole was not allowed to hide ¢(b)=f ——
behind the first, with respect to the screen; the geodesics will 0 Vb “=s%(1-5)
arrange themselves to project all information to the screen ) , o i
with nonincreasing entropy density. Corley and Jacobson |he denominator vanisheslag=33/2, indicating that is
quote a magnification factor of the black hoie image at largd€ largest value ob for which we can establish a map
separation, but no examples were given. In this paper waetween the screen and the black hole. Before that, though,
explicitly calculate the geodesics in a two Schwarzschild

black hole geometry. Black hole lensing has been carried out <
previously [6,7] but to our knowledge not for two black
holes, which has the novel feature of an arbitrary number of
orbits between them before the photon escapes. Furthermore,
the geometry used easily lends itself to a calculation of the
holographic intensity pattern formed by a uniformly radiat-
ing black hole(the intensity pattern formed keeping only the ¢
geodesics perpendicular to the scriedtle also perform this

calculation. BH

(2.3

incoming photon

axis of symmetry

FIG. 1. A photon approaching a single Schwarzschild black hole
*Email address: markj@phys.columbia.edu from the screen infinitely far away.
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(large separation)

FIG. 2. Null geodesics showing boundaries of the first few coveritafy and the corresponding screen imdgght).

the integral(or angle of the photon upon absorptiogoes have small variations from the geodesic path. We begin with
from O to infinity, implying that there exists sonte for  the standard case of a ray leavig#{p) from the normalsee
which the photon will orbit around the black hole indefinitely Fig. 3) and leaving the BH in the plane at anghéb); let us
before finally being absorbed. Corley and Jacobignde-  now think of # as the independent variable and refetidn)

fine a “covering” to be one complete image of the horizonas ¢(¢). The geodesic impacts the screen aty(z)
upon the screen; the first covering is due to emission from=[0,b(¢),Z]=(0,tany,Z). Now rotate the BH clockwise in

the black hole betweep=0 and¢= /2, the second cov- thez-y plane by anglep(¢), making the ray hit the screen at
ering from ¢= /2 to ¢=r, as shown in Fig. 2.

We obtained the result found in R¢g] that the maximal X 1 0 0 0
impact parameter for the first coveringhs=2.23; this rep- .
resents an area of 15.60, larger than the horizon area 4 y|=| 0 cosd(sh) —sing() tany
~12.57. Successive coverings are smaller than this on the z 0 sing(y) cosp(y) Z
screen. (2.6
B. Intensity so it appears as though the ray were leaving from the BH on

. . _ the z axis; we will call this transformatiod;. Now rotate
We now compute not just the location of the coverings on

. . . L ,around thez axis so that the ray is leaving at an andglg
the screen, but the intensity pattern a “holographic viewer from they-z plane
would observe, i.e. a viewer only capable of observing geo- '

desics perpendicular to the screen. This is based upon a black

hole radiating uniformly on its surface, then calculating the cost, —sind, 0
density of geodesics orthogonal to the screen. The first step J,=| sind, coshd, O], 2.7
is to calculate the anglg at which the geodesic hits the 0 0 1
black hole,
' v
tan lr//|surface:m S:l- (2.9
For us,
dr dr ds
d¢ dsdg’
T -
=—\b72-s%(1-5).
s

(2.9

Thus we obtain tag|s_;=b.

The intensity of a point on the screen will be the ratio of
geodesic phase space between the screen and the correspond-
ing point on the black hole, so we must allow our photon to FIG. 3. A geodesic will hit the black hole at an angle.
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Rotate back by arbitrang in they-z plane

1 0 0
J;=| 0 cosgp sing (2.8
0 -—sing cos¢

Finally rotate around the axis again by arbitrary angle,

PHYSICAL REVIEW D64 044020

cosf —singd O .
J,=| sind cos§ O (2.9 .
0 0 1 b
Then the final location of the photon is FIG. 4. Normalized intensity as a function of impact parameter
in a single black hole.
X 0
y | =3,353,3,| tany (2.10 d(cos¢)dé, _ sinys (%)1((1_@)1
z z d(cosy’)de|  siny’ dy dé, ’
Thus we can define our new impact parametet _sing 1 1
=yx“+y*, but clearly upond=6,=0,6=¢(4)=¢(b),¥ sing’ | V1—x2—y? (x?+y?
=(b) whereb is some parameter of our choosing, we re- L
coverb’=b. We also take th& —cc limit since that is where dx dy
the screen is. To compare the areas of the BH and screen, we ¢ +yd¢ ,
compute
" 1 1dx x dy\||
d(cos¢)do 1+(xly)2\y db, 2 do, ’
b"db"do |, ©=0,6=(b),y=y(b’),b'=b,Z— b
sing (db ) - deé(b)’
=—| 5 V1+b?%sing(b
b’ ( d¢ ¢(b) ——— dy
sing 1 dx dy) o _ b
T et +y b) db’
b | oey?Tde Y dg VI+b%sing(b) ‘S(b : dy
sm b 1 sing(b
d)( )[z+0(1/22)] _1siné( ). b
(2.11) (1+ bz)s’zsmd)(b) db

We now examine at how the photon’s tangent vector at the

Combining the phase-space ratios we get the intensity

screen changes under these transformations. We know it be-

gins hitting the screen perpendicular, and then will undergo

the same transformations as the position vector:

X 0
y :\]4J3J2\]1 0 (213
z

Now define the angle that it hits the screen at asysin
=X?*+y? and the angle out of thg-z plane as tap=x/y.

total phase space of rays leaving BH
total phase space of rays hitting scréen

[(b)=

_ d(cos¢)dod(cosy)do, _ 1 1
b’ db’ déd(cosy’)de =~ Z (1+b2)3,2d<z;(bb)'
(2.149

The result is shown in Figs. 4 and 5. In computing the image

Then we have the following tangent vector phase space conwe have factored out the Z/since this represents the obvi-
parison between the ray leaving the black hole and that hiteus dependence on distance and we only care about the in-

ting the screen:

tensity normalized at some specific distance.
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IIl. TWO BLACK HOLES

A. Calculation of orbits
We now use the techniques developed in the previous 2
section to construct the metric for two black holes; this met-
ric is valid for large separation between the black holes. The
axes are chosen so the screen lies intheplane, and the 1t
origin is at the position of the first black holthe one nearer
the screepwith the screen is a very large distance down the
positive z axis. The second black hole is taken to lie at the
point

BH,=(p cosu,psinu,—D). (3.1

. . o -1}
We construct the scattering process in reverse by considerin

photons emitted in the normal—(z) direction from the
screen, track their geodesics, and pick out those which art
absorbed by one of the two black holes. Since varying -2t
above rotates the picture about thexis we consider only
photons emitted from points on the screen with0. So the . . . . .
trajectory describing the scattering off the first black hole lies -2 -1 0 1 2
entirely in thex-z plane.
The photon is emitted at a distanbe from the z axis. It

is deflected with anglep(b) by the first black hole. The
point P at which the asymptotes meet is

FIG. 5. The intensity pattern formed on the screen due to a
single black hole.

Our task is now simply to compute the distafceof the line
with these direction cosines passing through the g@inbm
the point BH. The photon will be absorbed by the second
black hole ifb,<b,.

where Drawing the line connecting and BH,, the total length is

L and there is an angle with v, making the answer

P=(r sing,0r cos¢) (3.2

b
=g (3.3 b,=L sine. (3.9

as evident from the triangle indicated. The direction of theThe vectorl. joining them is

deflected photoifthe lower asymptote in Fig.)8s given by L=BH,— P=(p cosu—r siné,p sinu,—D—r cos¢)

the unit vector (3.6)
v=(sin 2¢,0,cos 2b). (3.4 so its length satisfies
b,
z
FIG. 6. Obtaining the impact
parameter for the second black
hole.
BH2
P v
€
psinp| € D y b,
L
b, BH2
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FIG. 7. Attempted horizon hiding fob =10, 0<p=<20. Gray represents the geodesic hitting the second black hole, black indicates
hitting the first.

L?2=D?+ p?+r2?—2pr cosu sing+2Dr cos¢. (3.7) L cose=L-v=(p cosu—r Sin¢)sin 2¢
—(D+r cos¢)cos 2p
To determinee we use = p cosu sin 2¢— D cos 2p
—r(sing sin 2¢+ cos¢ cos 2p)
cose= % (3.9 =p coSsu Sin 2¢p—D €c0S 2p—r COS¢h.
(3.9

From these we compute simply

b2=Lsine=\/L2—(L COSG)Z. (3.10

This impact parameter is then fed into our previous calcula-

tions for a single black hole, with appropriate distance nor-

malization due to the mass of the second black hole; remem-
ber in our units =1 horizon unit, and all calculations in this

The inner product is also simple to compute:

Area
350 e geometry were done based on the horizon of the first black
"o, hole. It is immediately obvious that this procedure can be
30} generalized to any number of black holes and “back-and-
forth” orbits between them. To get a concrete visualization of
25p  ° this process, we show in Fig. 7 the case wiitk-10, 0<p
50l °. =<20. In Fig. 8 we compute the area of the first covering on
the second black hole fdd =10,0<p=<25. For this we in-
15F SEEEEEEE— - - cluded only the first-covering area to the left of the first black
hole, as there is a redundancy on the right side and we are
10¢ only interested in how much area it takes to represent the
st whole horizon once. The hiding theorem is clearly verified,
the horizon expanding even more when it forms a ring.

5 10 15 20 25 *

) . . . B. Intensity
FIG. 8. The area of the first covering when attempting to hide.

The lower bar indicates the horizon aredr, which we need to be Thinking about phase space as before, we see that for two
above. The upper bar indicates the area of the first covering for &lack holes the situation is very similar except we now re-
single black hole, which the second black hole must approach @nember the rays leave the “real” screen, deflect off BH1 to
large separation. form a “virtual screen,” then hit BH2. Thus
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FIG. 9. As a black hole hides behind another, the image becomes very faint.
phase space of rays leaving BH 2 bmin=b;,—L cose sin(2¢— ) (3.19
~ phase space of rays hitting real scréen
_ _ PSofraysleaving BH 2 and the expression previously obtained focose we get
PS of rays hitting virtual screen
PS of rays hitting virtual screen Bonin L cose sin 2¢
PS of rays hitting real screen b, T b, (3.1
B 1 differential area of virtual screen
(1+b2)3’2d¢(b2) differential area of real screen So the total intensity is just
2 db,
(3.1)

I 1 L cose sin 2¢(bq)
where the first part is from our previous single BH analysis, (1+ b2)3/2d #(by) by '
and the second is just comparing the differential area con- 2 db,
taining the ray on the virtual screen versus the real screen. (3.16

Note that we have omitted the phase space on the screens

due to the tangent vector in this step, but this is just unity

because both screens by definition only take perpendiculaie now repeat the previous lensing calculation, but includ-
rays and so have the same tangent phase space. The ratiogrgf this intensity profile. The result is shown in Fig. 9.
differential areas are then

—_ (3.12
b, db; do We have verified Susskind’s hypothesis that the entropy is

maximal on the surface of a black hole. We did this for the
where « is shown in Fig. 6 and is the usual coordinate two black hole case and found that no entropy-information is
around thez axis. We evaluate this by switching to Cartesian!ost when one black hole attempts to hide behind the other.

coordinates I, ,y) for BH2: The holographic intensity of such a configuration was also
calculated.
b2db2dK—>db1dy. (313)
Now see that this yields immediate cancellation with the
b,. As for dy, we see that this point being lifted out of the ACKNOWLEDGMENTS
plane is a distancé,,, from the z axis, thusdy=b,;,d6. The author thanks B. Paczynski, H. Peiris, E. Weinberg,
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